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I. INTRODUCTION 

The AdS/CFT correspondence [J-i] represents a very 
important tool in gauge and string theories. It gives 
a concrete, analytical procedure for the more general 
Gauge/String(Gravity) duality. The correspondence is 
characterized by conjectured emerging dimensions of 
space-time (in J\f = 4 Super Yang-Mills theory the 
D = 10 of the string in AdS^ x S 5 background emerges). 
While the main understanding of the duality itself is pro- 
vided by 't Hooft's large N expansion (which establishes 
1/N as the string coupling constant) the origin of the 
extra spatial dimension is less clearly understood, one 
speaks of them as being holographic and have a relation- 
ship (in the case of radial AdS dimension) with renor- 
malization group scaling parameters. 

One framework for analytical understanding of the 
Large N limit in general introduced several decades ago 
[|| is based on the notion of collective fields. They 
capture the relevant degrees of freedom and a general 
method for describing their effective dynamics both at 
the Hamiltonian and Lagrangian level was given. This 
approach has been successful in analytical treatment as 
well as in exhibiting the relevant physics in various model 
theories. In the c = 1 matrix model collective dynamics 
naturally led to (one) extra dimension relevant in estab- 
lishing the model as a 2D non-critical string theory [5j. 
It has re-emerged in the sub-dynamics of the N = 4 
Yang-Mills problem in the 1/2 BPS sub-sector. Through 
certain matrix model truncations (of J\f = 4 Yang-Mills 
theory) the construction [f| of dual string theory Hamil- 
tonian was attempted. 

For further understanding of this mechanism it is use- 
ful to concentrate on exactly solvable theories. The sim- 
plest field theory model for which one can build the 
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AdS/CFT correspondence is that of Y-component vec- 
tor theory. It was originally pointed out by Klebanov and 
Polyakov Q that the conformal fixed points of the theory 
are naturally described in four dimensional AdS space- 
time. More specifically it was established that it is a 
particular higher-spin theory of Vasiliev @ that emerges 
in the large N limit. (In a series of works dating back to 
the 80 's Vasiliev and collaborators have succeeded in con- 
structing a remarkable theory providing interactions of a 
sequence of higher-spins in AdS. This (gauge) theory suc- 
cessfully extends a free theory |9| obtained by Fronsdal 
10].) An impressive comparison of three-point bound- 
ary correlators was performed recently by Giombi and 
Yin [ll|. For other relevant work, see l_j- 15|. 

The relevance of collective fields for higher-spin holog- 
raphy was discussed by Das and one of the present au- 
thors [l6[ . The framework of covariant bi-local collective 
fields was employed and it was shown that they decom- 
pose into an infinite sequence of integer spin fields in one 
extra dimension. The present paper sharpens this pic- 
ture concentrating on the canonical formulation with the 
goal of establishing the correspondence directly at the 
Hamiltonian level. It will be advantageous to work in 
null-plane quantization, since it gives a physical descrip- 
tion of higher-spin gauge theory. In this framework, we 
will produce an exact one-to-one map between (collec- 
tive) coordinates of the large N field and the AdS 4 co- 
ordinates of the higher-spin theory. It is shown how col- 
lective fields provide a construction of bulk (rather than 
boundary) fields of the AdS theory. In particular it is 
demonstrated that all the bulk AdS space-time transfor- 
mation symmetries are recovered from transformations 
of the bi-local collective field. Outline of an exact map 
of the full interacting theory is given. 

This paper is organized as follows. In section II, we 
discuss the difference between collective fields and con- 
formal currents which have been the main tool of earlier 
AdS/CFT comparisons. In section III, we summarize the 
form of the exact collective field Hamiltonian, discuss its 
expansion in 1/N as a coupling constant. Realization of 
the conformal symmetries and the quadratic approxima- 
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tion is studied in section IV. We establish a one-to-one 
map with the transformations of higher-spin theory in 
AdS4 background in section V. Discussion of results and 
of further topics is done in the Conclusion. 



II. COLLECTIVE VS CONFORMAL FIELDS 

The basis of the holographic map is in a (complete) 
set of primary operators of the SO(2,d) group. They are 
built as composite operators from the basic fields of the 
theory and obey current conservation once the field equa- 
tions are used. They are used as sources at the boundary 
and their correlators are then shown to be in agreement 
with the AdS amplitudes projected to the boundary of 
AdS space. The iV-component vector model held theory 
with the Lagrangian 



L I d d x-{d^ a ){d^ a )+v{ 



1,...,N (1) 



possesses two critical points: the UV fixed point at zero 
value of the coupling and an IR fixed point at nonzero 
coupling. For the UV case corresponding to the free the- 
ory where the potential v = 0, a full set of conformal 
currents is explicitly given by 
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where e is a null polarization vector e 2 — 0. These cur- 
rents are conserved and in the holographic scheme of 
GKP-W @, [3 their correlators are compared with the 
AdS boundary amplitudes. 

Collective fields for large N theories are introduced in 
a very different manner. They are to represent a (com- 
plete) set of invariants under the O(N) or U(N) (gauge) 
symmetry group. The meaning of completeness is es- 
tablished in two not unrelated ways. First one has com- 
pleteness in group theoretic terms, namely that any other 
invariant can be expressed in terms of them. Second is 
the requirement of closure under (quantum) equations of 
motion. This leads to the most important fact, namely 
that they provide a complete dynamical description [4[ 
of the large N theory where 1/N is seen to emerge as the 
natural expansion parameter. 

In the O(N) vector model one simply has the bi-local 
collective field 
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in the covariant formalism [16| . It is the case for the 
O(N) model, and also more generally that the set of col- 
lective fields is actually over-complete. This property 
has significant implications on the emerging space-time, 
when implemented it naturally leads to space-time cut- 
offs and ultimately non-commutativity. 



As far as the relationship between the conformal and 
collective fields we have the following. Clearly any con- 
formal field is contained in the collective (bi-local) field, 
one has a prescription with derivatives given above. But 
the converse is not true, collective fields represent a more 
general set. This property will have important implica- 
tions on the bulk vs boundary description of the theory. 
It has already seen in approximate manner [1 61 ) that the 
relative coordinate in the bi-local field into angles gener- 
ating a sequence of spins and the radial part which plays 
the role of an extra dimension. What prevented a pre- 
cise identification however was the fact that higher-spin 
is a gauge theory, whose dynamical form depends on the 
gauge chosen. Consequently for establishing a precise 
one-to-one map, one has to bring both theories to the 
same gauge. This will be accomplished in the present 
work in a canonical description. 

The canonical formalism for collective fields is based 
(in equal-time quantization) on the observables 



(4) 



which are local in time but bi-local in d — 1 dimensional 
space. These observables (collective fields) are charac- 
terized by the fact that they represent a complete set 
of O(N) invariant canonical variables (obtained through 
scalar product). To deduce the dynamics obeyed by these 
fields, one performs an operator change of variables Q 
from (f> a (t, x) to the bi-local field ^(t; x, y) using the chain 
rule 



S^(y,z) 
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Starting from the canonical Hamiltonian 
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one deduces an equivalent representation in terms collec- 
tive variables 
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y) = -i 



(5*(f, y) 



(6) 
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and A V summarizes ordering terms which are lower order 
in 1/N 

AV = -y(y dx5(0))Try- 1 + ~([ darf(0)) Tr*" 1 . 
The product of two bi-local fields is defined by 



AB = J dyA{x, y)B{y, z) 



(8) 
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and the trace of a bi-local field means 
Tr(A) = / dxA{x,x). 



(9) 



For more details on this representation, including the fact 
that it generates correctly the large N Schwinger-Dyson 
equations, the reader should consult Refs. pi Il7j|. 



III. EXPANSION 

The main feature of the collective representation in 
terms of the Hamiltonian ([6]) is that it can be expanded 
in series of 1/N with an infinite number of polynomial 
vertices to generate systematically the 1/N expansion. 
This is seen by a simple rescaling of field variables: 
* — > N*£, II — > IL/N whereby N factorizes in front of the 
action. The terms in AV are seen to be of lower order, 
consequently they provide counter-terms in the system- 
atic 1/N expansion. 

To generate the expansion, one first evaluates the static 
large N background ipo{x,y) obtained from the time- 
independent equations of motion 



dV 



0, 



(10) 



where we have set v = and the effective potential reads 



V 



One performs a shift 



* = ipo + -4=77, n = VNn 

VN 
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generating an infinite sequence of vertices 
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The quadratic and cubic terms in the Hamiltonian are 
seen to be given by 



H (3) = 2 Tr( ) _ 1 

y/N 8VN 



(14) 

tKVwVotVwV'o)- (15) 



The higher order vertices are obtained directly from the 
expansion ([TBI . 

We now discuss the evaluation of the spectrum which 
follows from diagonalization of H^ 2 \ In doing this we 
follow closely [17j . Using a Fourier transform 



with 
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and for the fields 

Vxy = f dhdfoe-^e+^r]^, (18) 

ir xy = f dhdhe+^e-^n^, (19) 
the quadratic Hamiltonian now becomes 

# (2) = 2 J dfcl&2'0fe 1 71"feife2 7r fe 1 fe 2 

1 
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Redefining 



+ 7^ / d ^i*2?7fc 1 fc 2 (V' fc 1 2 V' fe 2 1 + V° fe2 2 V' fe 1 1 )% 1 fc 2 



TTfcife ~> 2^°fci ""fcife Vkik 2 -> ki Vk^ (20) 



one has the quadratic Hamiltonian 
H {2) = i f dkidkiTTkikz-ffkii 



dhdfarik^W ^ + Vfc 2 (21) 



from which one reads off the frequencies 



(22) 



To summarize, the quadratic Hamiltonian and momen- 
tum can be written in use of bi-local fields as 

= J dxdy^(x,y)(^^ x + i/^ y )y(x,y), 

P< 2 > = J dxdy^{x,y){\/ x + Vy)^(x,if}. (23) 

In the light-cone quantization, we have the quadratic 
Hamiltonian 

p-(2) = Jj(2) + p(2) 

/* 2 2 

= / dsidiad^i dfa^T— - -^r)*- (24) 
J V 2p 1 2p 2 ' 

Here ^(x -1- ; xj~, x^~; xi, £2) is a bi-local field where 1,2 
refer to the two space points. 



IV. CONFORMAL TRANSFORMATIONS OF 
THE COLLECTIVE FIELDS 

Our goal is to demonstrate that the collective field con- 
tains all the necessary information and is in a one-to-one 
map with the physical fields of the higher-spin theory in 
AdS4. For this comparison to be done it is advantageous 
to work in the light-cone gauge, where the physical de- 
grees of freedom of a gauge theory are most transparent 
|18l [l9j . Our strategy is to compare directly the action of 
the conformal group of the d = 3 field theory with that 
of the Anti de Sitter higher spin field. This comparison 
is similar to the study in D-brane case and Af = 4 Su- 
per Yang- Mills theory performed in [20]. In this direct 
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comparison we will see that as expected we have very 
different set of space-time variables and a different real- 
ization of SO(2,3). The number of canonical variables 
however will be shown to be identical and one can search 
for a (canonical) transformation to establish a one-to-one 
relation between the two representations. 

One can work out the conformal transformations in 
light-cone notation (x + = t) for any dimension d. As for 
the linear momenta, we have 

P~ = H= [ dx 
/'' = / dx 



(4 

P l = J dx(ndi(f^ , 



(25) 



where tt = d + <fi is the conjugate momentum and i is the 
transverse index (for the specific case when d = 3, the 
index i runs over a single value). Similarly, for Lorentz 
transformations, the conserved charges are 



dx ( x n' 



M+- = tH 
M +i = j dx(tndi<p - sV 2 ) , 

dx(x~ Ttdi4> — x% ! 



M 



M ij = / dxix^djcj) - x j Trdi<p) . 



(26) 

The Dilatation operator takes the form 

D = tH + j dxi^id^ + x^ijej) + x-tt 2 ^ , (27) 

where d<f, = is the scaling dimension of the <j> field. 
The special conformal generators are 

K~ = J dx(x~ V - \p±x~ + x j x j )'H - ic^</> 2 ) , 
K+ = W- J dx(^(2tx~ +x j Xj)ir 2 ^, 



i 



dxi x l V 



■(2tx +x J Xj 



(28) 



where T> and T-L are the densities of these two operators. 

The dynamical variables in the light-cone formulation 
are (x~ ,x l ). The momentum conjugate to x~ is p + . In 
the massless case, the energy can be expressed as 



P = 



p l p % 
~2p~+' 



(29) 



To define the mode expansion, we perform a Fourier 
transform of the fields 4>{x~ ,x l ) and tt(x~ ,x l ) along the 
x" direction. The creation and annihilation operators 
are defined in terms of 



4>{x ,x l ) 



dp^ 



1 



o V2tt J2p+ 



(a {p+ , x l ) e tp+ x " + a f (p+ , x i ) e ~ tp+ x ) , 
, - i\ ■ f°° d P + 

TT(X ,X) 



(30) 



(a{p + ,x l )e lp+x ~ -o t (p+,a; i )e- ip+x ). (31) 
The actions of linear momenta now take the form 

P~: 5a{p + ^) = ^a(p+,x% 

P + : 5a(p + 1 x i )=p+a{p + ,x l ), 
P 1 : 5a{p + 1 x i )=id t a{p+,x l ). 

For the Lorentz generators, one has 

d 2 



(32) 



a(p+,x l ), 

M +t : 5a{p+,x l ) = (itd t - a;> + )a(p + , a;'), 



M 



M l i : 6a(p+,x l ) = (ix'dj - ix j d^a(p+, x'). (33) 

and the Dilatation operator 

/ d 2 r 
D : 5a(p + , x l ) = (i^f + i d 4> + x% ®i 



+ vV 



d 

dp+ 



)a(p+,x i ). (34) 



Finally, for the special conformal generators 



K~ : Sa(p+,x l ) = j 



d 



Ap+ 



d d 



dp + dp + 
x OiTr-r _ d^— — VP } 



ip 



+ dp+ 



d P + 

a{p + ,x t ), 

K+ : 6a(p+,x i ) = [t 2 ^ + it(d^ + x%) - \x l x l p+) 
a{p + ,x i ), 



K l : 5a{p+,x l ) = { 



^djX l dj 



2 2 ?^ 



_5_ 



a(p + ,x 4 ). 



x°dj 



-x^x^di 
! 



(35) 

We next deduce the transformation for the collective 
fields. In creation-annihilation form A(x^ , x^ , x*i, x 2 ) = 
a(x^ , xi)a(x2 , x 2 ) 1 we have <L4(1,2) = Sa(l)a(2) + 
a(l)Sa(2) and any conformal generator 

G = J dx^ dx^ dx\dx?.J$ gA 

dx^ dx^dxxdx-iA^ (gi + g^A. (36) 



Denoting the conjugate momenta as {p\ ,p 2 ,p\ 7 p 2 ) 7 we 
can write down the following generators 



- . - fPiPi , PWi\ 



(37) 
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pi 



■pi, 



Pi +P2> 

tfr - x^pi - X2P2, 

tp 1 - x\p\ - x\p%, 

i i 

p\p\ 

l 2p+ 



x x p\ + x 2 p 2 



: Pjpj 

1 2 P i ' 



d = tp + 



x i pi 



x 2 pi 



-x 1 p 1 + x 2 p 2 



2d, 



fc- = 



k+ = 



j j j j 

„i i P\P\ , T . i P2P2 

•L 1 X 1 , T X 2 X 2 , 

4pJ 4pJ 
+x 1 ~(x 1 ~pi + x\p\ + d^ 
+x 2 (x 2 p 2 + x\p\ + d^ 

t(x\p\ + x\p\ + 

1 



t 2 p- 



2d <j> ) 



-x\x\pi 



tlx 



7 _7 

PWi 

l 2p+ 



x. 



-x" 2 x 2 p 2 , 

7 7 
P2P2 , 



(38) 
(39) 
(40) 
(41) 

(42) 
(43) 



(44) 
(45) 



J j i j j i 

-—x 1 x 1 p 1 — —x 2 x 2 p 2 



x 1 p x + x 2 p 2 



+x\(x 1 p\ + x[p{ + d^j 
+x l 2 {x~p+ +x 3 2 p J 2 +d 4> ). 



(46) 



MAPPING TO ADS 4 



The correspondence introduced in Q is specific for 
CFT3 f-> AdS^. We will from now on consider the case 
of d = 3 for the vector model. In the light-cone nota- 
tion, there is only one transverse dimension x l = x and 
x M = (x + , x - , x). 

The AdS4 spacetime coordinates in the light-cone no- 
tation (x + = t) arc denoted with the Poincare metric 



ds 2 = 



2dtdx" + dx 2 + dz 2 



(47) 



The lowercase transverse index i — 1 denotes x only, 
while the uppercase transverse index / = (1,2) denotes 
(x, z). In AdS4 higher-spin theory, the generators were 
worked out by Metsaev in II 811 which we now summarize. 



A. Conformal generators from higher-spin theory 

The four-dimensional case has the unique property 
that, after fixing light-cone gauge [2lj. the only phys- 
ical states are the ±s helicity states [22]. Let us now 
explain how to fix the light-cone gauge. Starting from 
the covariant notation 



$) = y;^-^at 1 ...atjo). 



(48) 



where /1 = (0, 1, z, 3) in the case of AdS/i, one fixes the 
light-cone gauge in two steps. First, we drop the oscilla- 
tors = a ± a 3 and keep only the transverse oscillators 



a 1 , including the z component. The oscillators satisfy 
the commutators 



[a , a 



1 „Ji 



[a , a 



[«tV tJ ] 



0. 



(49) 



The spin matrix of the Lorentz algebra now takes the 
form 



M IJ = a^a J - a*V. 



(50) 



The next step is to impose a further constraint 

T|$)=0, T = aV (51) 

so that only two components will survive. With the com- 
plex oscillators 

a = -^=(ai + ia 2 ) , — ^( a i + ia l)i (52) 

a — — j={ai — ia 2 ), a* — —={a\ — ia^), (53) 
V 2 v 2 

we find the simple expansion for | $) 

00 

l*)=E( $ (A)(« t ) A + *(A)(« t ) A )l°)- ( 54 ) 

This expansion obviously satisfies the constraint 
T|$)=0, T = aa. 

The spin matrix 

M = a^a — a* a 



(55) 



(56) 



also reduces to (|50|) . 

In four dimensions, the only non- vanishing spin matrix 
is M xz . One can represent a = e %e , a — e~ 10 . In a coher- 
ent basis, the operator M xz becomes Then we have 
<&(x^,z,6) or in light-cone notation $(x + , x~ , x, z; 9). 
The generators can be written as 



G = dx dxdzdO 



(57) 



Denoting the conjugate momenta as (p + ,p x ,p z ,p e ), one 
has fH 



pXpX _|_ pZpZ 



2p+ 



p =p , 
p x = p x , 



m = tp — x p , 
m +x = tp x — xp + , 

rh~ x = x~p x — xp~ + 



p p 
1^ 



(58) 

(59) 
(60) 
(61) 
(62) 

(63) 

(64) 



d = tp + x p + xp x + zp z + d a , 
r = -\{x 2 + z 2 )fT + x~(x~p + + xp x + zp z + d a ) 
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+ _((V-^pV + (pT) 



(65) 



fc + = t 2 p" + t(xp x + zp z + d a ) ~^(x 2 + z 2 )p + , (66) 



n V , 1 
p + 2 



k x = t(xp- - x-p x - + ^(.x 2 - z 2 )^ 



+x(x p + + zp z + d a )+ zp\ (67) 
where the scaling dimension d a = 1 in the case of A0IS4. 

B. The map: canonical transformation 

We will now show how the two pictures are related 
by a canonical transformation. At this point, we will 
give the classical transformation (it can be specified in 
its full quantum version also). So in what follows we do 
not compare terms with d<p which will receive quantum 
corrections (due to ordering). 

By relating (|38I41|) to (159H62[) . one can easily solve for 



gi_PT + x 2 P2 

pi +pi 
pi +pi, 



x 2 pt 



pi +pi 



P =Pl+P2- 

Prom (|58I63I64I66|) . we get 

2 _ ( x l ~ x 2) 2 pjpj 

{pi+pf? ' 
(pipi -P2pif 



p z p z 



zp 



P B P Z 



pipi 



(68) 
(69) 
(70) 
(71) 

(72) 
(73) 
(74) 

(75) 

(76) 
(77) 

(78) 



A nontrivial check of the consistency is given by compar- 
ing (|65l67l) with (j44l46j) . 

We now turn to the construction of 9. The condition 
that 9 Poisson commutes with p x implies 9 is a function of 



(xi - x 2 ){pipj ~P2vj) 

(pi+pi) 

{%! - x 2 )(pipi -P2vX) 

Pi(Pa) J 



+ (xi - x 2 ) 



^(Pl) 2 



2p+ 2p+ 
The solution to (|72M75j) can be written as 



(xi 



X2)\ Pi Pi 



pi +P 2 



P = 




xi — X2 and the condition that 9 Poisson commutes with 
p + implies that 9 is a function of — x~^ . Requiring 
that 9 Poisson commutes with x~ , x, z and p z as well as 
9 and p 9 Poisson commute to give 1 we obtain 



= 2 arctan - 



(79) 



An important consistency check on the correctness of 
the map that we have constructed is that all the Pois- 
sion brackets of the derived variables (like z and p z etc.) 
take the canonical form with distinct canonical sets com- 
muting with each other. One can confirm the Poisson 
brackets 



{x ,p + } = {x,p x } = {z,p z } = 1 



(80) 



and others vanish. 

Finally, as a consequence of the above map it follows 
that the wave equation in the collective picture has a 
map [23l | to the wave equation of higher-spin gravity in 
four-dimensional AdS background. This follows from the 
little generators (|37|) and (|58|) coinciding after the canoni- 
cal transformation. The canonical transformation can be 
understood as a point transformation in the momentum 
space (if we interpret 9 as momentum l|79p . the other 
momenta are given by (|69l71l77p ). Consequently, the 
transformation between the higher-spin field and bi-local 
field is simple in momentum space 

&(x-,x,z,9)= { dp+dp x dp z e i(x ~ p++xpX+zp * ) 



J dpi dpi dpidp 2 5{pi +pi -p + )S(p 1 +p 2 -p x ) 



s [pisjpt /pi -P2VP1 /pi -p 



8 (2 arctan J p+ /pi - 6) f {pi, pt , p x , pa) 



(81) 



where ^f{pi ,p% ,Pi,P2) is the Fourier transform of the 
bi-local field ^(x7/, xj, x\, x^). 



VI. CONCLUSION / ORIGIN OF THE EXTRA 
DIMENSION 

The main contribution of this paper is an explicit one- 
to-one map between the collective field (in the case of the 
O(N) vector model) and the field of higher-spin gravity 
in 4D AdS space-time. This map is defined by the canon- 
ical transformation which establishes the relationship be- 
tween the coordinates of the bi-local collective field and 
the coordinates of the AdS4 space-time plus spin vari- 
ables. The map is one to one, in particular the most 
telling formula is the one for the extra radial coordinate 
of AdS space-time 



(xi - x 2 )\Jpipi 



Pi 



■Pi 
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Here we have an explicit expression, in terms of the 
collective coordinates contained in the bi-local field. The 
physical picture for this extra dimension is much like the 
(collective) coordinates of solitons, which are contained 
in the field itself but are nontrivial to exhibit. Their 
origin is again through a canonical map from the exist- 
ing field degrees of freedom. Naturally, if the boundary 
conditions are too restrictive then these degrees will be 
absent. In more recent phenomenological studies of scat- 
tering processes in QCD, a dipole picture [24[ was used 
which can have a relation to the construction presented. 
It is interesting to confront this collective mechanism for 
the emergin g d imension with other viewpoints such as 
holographic l25l. Feynman diagrams [2(| and stochastic 
quantization [27j . 

Returning to future issues we have the following. The 
collective field theory gives a bulk Hamiltonian represen- 
tation for the higher-spin gravity. It specifies an infi- 
nite set of bulk interacting vertices, which can be explic- 
itly evaluated. These can be compared with the higher 
spin approaches, in particular Vasiliev's and we expect to 
find agreement. This comparison is presently being per- 



formed. It is also interesting to consider various canonical 
gauge fixings of Vasiliev's theory. 
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